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The authors emphasize that the competency-based approach promotes not only the
assimilation of theoretical knowledge but also the development of students' practical skills
necessary for successful professional activity."
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DEVELOPING SPATIAL IMAGINATION IN MATHEMATICS EDUCATION

Boykina D. Developing Spatial Imagination in Mathematics Education.

This article explores a range of effective approaches and strategies for fostering spatial
imagination in students within the context of mathematics education, particularly from grades 5
through 12. Spatial imagination — the ability to mentally visualize and manipulate objects and
their relationships in space — is a fundamental component of mathematical thinking and
problem-solving. It plays a vital role not only in geometry, but also in algebra, trigonometry, and
real-world applications such as engineering, architecture, and computer graphics.

The article emphasizes the importance of nurturing spatial reasoning early in students’
academic development and presents a variety of methods to stimulate and strengthen this cognitive
skill. These include illustrative examples, thought-provoking questions, and problem-based tasks
designed to encourage visual thinking, abstract reasoning, and the ability to connect different
mathematical concepts. Special attention is given to problems that involve working with three-
dimensional figures, exploring spatial transformations, and interpreting complex visual information.

Key words: spatial imagination, spatial thinking, spatial skills, problem solving.

Problem statement. In modern pedagogical science, the development of spatial
imagination is recognized as a key factor in acquiring mathematical knowledge and fostering
abstract-logical thinking. Spatial imagination refers to the ability to mentally construct,
transform, and manipulate images and objects in a mental space. This ability is directly linked to
mastering geometric concepts, understanding algebraic structures, and solving logical-
mathematical problems.

The formation of spatial thinking is not possible without the presence of imagination.
Imagination is a cognitive process through which the real world is reflected in the human mind
in the form of new, unusual, or even impossible images, ideas, or representations. This process
involves various mental operations and activities, such as analysis, synthesis, and abstraction. It
is well known that every learning activity engages a wide range of mental processes, including
memorization, storage, reproduction of information, and of course, thinking.

Analysis of current research. The issue of imagination is not new. Psychologists have
emphasized its importance for many years, yet it remains highly relevant today, as many students lack
sufficiently developed spatial imagination. Studies by researchers such as Piaget [5], Vygotsky [7],
and Bruner [1] highlight the significance of visual-spatial skills in the development of mathematical
literacy. In the context of school education, these skills begin to develop in the early elementary years
but become increasingly important in the middle and high school stages (grades 5-12), where learning
involves complex spatial representations, graphical relationships, and analytical models.
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The early formation and ongoing development of spatial imagination in both primary and
secondary education contribute to greater efficiency in the learning process. However, this
development may lose much of its effectiveness if it is not continuously nurtured and integrated
into the learning process. Therefore, it must be deliberately stimulated, guided, and implemented
systematically and purposefully.

According to Miller and Halpern [4], students with well-developed spatial skills tend to
achieve higher outcomes in STEM disciplines, including mathematics. This finding indicates that
instructional approaches aimed at fostering spatial imagination may play a crucial role in
enhancing students’ mathematical motivation and academic achievement.

It should be noted that various means can be used to form and develop spatial imagination,
such as tasks (non-standard, engaging, etc.), practical exercises, and so on.

The objectives of the article is to propose effective methods and tools for stimulating
spatial imagination in mathematics education for students in grades 5-12.

Findings. To ensure a systematic approach to the development of spatial imagination in
students, we believe it is advisable to begin its formation even with younger learners, using tasks that
do not explicitly mention the concept of space. For example, suitable tasks may be the following.

Example 1. Divide a round cake into eight pieces with only three cuts.

The answer is presented in Fig. 1. It shows the three cuts of the cake with dotted lines.

Fig. 1

Example 2. From six matchsticks, form four equilateral triangles so that the sides of each
of them are a whole match.

The answer in this example is a triangular pyramid with an edge equal to one matchstick.

Example 3. With 12 sticks, build 6 squares [2, p. 11].

The answer here is a cube with an edge equal to one stick.

Example 4. With 12 sticks, build 4 squares. The answer here is shown on fig. 2, 3, 4.

/

Fig. 2 Fig. 3 Fig. 4
Example 5. Four sticks make four right angles. Add one more stick to make eight right angles.

Fig. 5

Answer: It is appropriate to consider different possibilities here.

1. If the first four sticks are arranged in one plane and share a common endpoint O, the added
fifth stick must be perpendicular to this plane and have a common endpoint with the other four sticks.

2. However, if three of the first four sticks lie in one plane and share a common endpoint O,
while the fourth is perpendicular to this plane and passes through O, the added fifth stick must lie in the
given plane and serve as an extension of the common stick forming the two right angles in that plane.

Note: In both configurations, a regular quadrilateral pyramid is essentially formed, with a
height equal to half the diagonal of the base.
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Another group of problems that can be used is related to discovering and "interpreting"”
what is depicted in a given figure (for example, Fig. 6 and 7). Any mathematician will recognize
a cube in Fig. 6, rather than two squares with their vertices connected in pairs.

)___

/

Fig. 6 Fig. 7

In Fig. 7, the mathematician will see a triangular pyramid, not a quadrilateral with two
diagonals.

The third group of problems consists of engaging tasks. Here, we will provide a few examples.

Example 6. How many faces does a hexagonal pencil have?

The answer is 8, if the pencil is not sharpened.

Example 7. A cube is made of paper (Fig. 8). It is easy to establish that its net can be cut
into 6 equal squares — its faces. Is it possible to reconstruct this net into 12 equal squares?

Fig. 8
It is not difficult to see here that the figure, formed by the union of triangles A and B,
which are parts of the top base and the front face, respectively (Fig. 8), will be a square if they
are placed in one plane.
Example 8. In how many triangles is the small square involved in Fig. 9?

Fig. 9

The answer is: in six triangles.

Example 9. A farmer had a square-shaped yard. At the four corners of the yard, he planted
one tree at each corner. After some time, he doubled the size of his yard, while maintaining its
square shape. How did he manage to do this so that the trees remained at the fence? [3, p. 287].

The solution of the problem is shown on Fig. 10.

Fig. 10
If his yard was originally the square ABCD, then he built the square MNPQ such that
MN || AC and NP || BD.
These problems not only contribute to the development of imagination but also spark
interest among the learners, fostering motivation to acquire new knowledge. Generating interest
is one of the necessary conditions for successfully studying the mathematical curriculum.

We will also note that the main tool for assisting in solving a problem is the drawing. It
will differ depending on the observer's position relative to the same object. While the structure of
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the object (its shape and the relationships between its parts) remains unchanged, the projection of
the object onto the plane will vary depending on which view is considered the main one. Along
with that, the images of these projections will also change. It should be kept in mind that all of
this is also connected to the realization of the principle of visual representation. Therefore, as we
emphasized earlier, the main tool for assisting in solving problems is drawings. That is why it is
necessary, even for younger students, to develop a system of tasks and questions that would
support the formation of their imagination.

We present to the reader a sample system of such problems and questions.

Problem 1. List all the edges of the rectangular parallelepiped (Fig. 11) that are parallel to
edge EF.

Fig.11
Problem 2. In Fig. 12, a rectangular parallelepiped is shown, and Fig. 13 displays its
unfolded form (net). One of the faces of the parallelepiped is shaded in gray in both figures.
Mark on Fig.12 the line segment AB from its net (Fig. 13).

Fig. 12 Fig. 13
Problem 3. In Fig. 14, a cube and its net are shown. Mark points A, B, and C, which are
vertices of the cube, on the net.

Fig. 14
Such problems can also be included in tests to assess the level of spatial imagination
developed in students.
We offer a set of questions related to the topic "Prism™ (studied in Grade 6).
1. In which of the Fig.15(a), 15(b), and 15(c) a prism is shown?

/
Fig. 15(a) Fig. 15(b) Fig. 15(c)
2. Indicate which of the following statements is NOT true:

56




AKmyasavHi numaHHsA npupodHU4o-mamemamu4Hoi oceimu. 2025. Bunyck 1(25)

a) Every prism has two bases;

b) In every right prism, the lateral faces are parallelograms;

c) In every right prism, any two non-parallel edges are perpendicular to each other.

3. From Fig.15(c), two arbitrary lines containing edges of a cube are selected. Which of the
following statements about these lines is NOT true?

a) the lines are parallel,

b) the lines are perpendicular;

c) the lines intersect at an angle other than a right angle.

4. In which of the Fig. 16(a), 16(b), and 16(c) the letter h is NOT correctly placed for the
given geometric body (if h represents the height of the body)?

)_ -1 }_ +
/
/I / P
Fig. 16(a) Fig. 16(b) Fig. 16(c)
5. Which of the figures 17(a), 17(b), and 17(c) is NOT a net of a cube?

Fig. 17(a) Fig. 17(b) Fig. 17(c)
6. In Fig.18, a rectangular parallelepiped is shown, with some of its elements marked. How
many of these elements are necessary to calculate the volume of this parallelepiped? Which of
them are sufficient to determine its volume?

Fig. 18

7. Is it true that every rectangular parallelepiped has:

a) 12 edges and 6 faces;

b) 8 vertices and 12 edges?

In a similar way, a set of questions on the topic "Pyramid"” for Grade 6 can be created. We
will list only a few of the questions:

1. In Fig. 19, a pyramid is shown with a parallelogram as its base. Which of the following
statements is true?

a) The lines AD and EF intersect at a common point;

b) The lines EK and BD are perpendicular;

¢) The lines EF and AC are not parallel.
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Fig. 19

2. Is it true that the net of a regular square pyramid consists of the following plane figures:

a) A rectangle and four equilateral triangles?

b) A square and four right-angled triangles?

c¢) A square and four equilateral triangles?

3. Which of the following statements is true?

a) A triangular pyramid has 4 vertices and 5 edges.

b) A triangular pyramid has 3 faces and 6 edges.

¢) A triangular pyramid has 4 faces and 4 vertices.

Questions can also be asked on the topic "Cylindrical Solids" in Grade 6.

We will focus also on one of the types of geometric problems that pose a challenge for
students, namely the section of a polyhedron by a plane. We will also discuss some of the
methods for solving this type of problem. Each problem involving the section of a polyhedron by
a given plane consists of two parts:

1. Constructing the section of the polyhedron by the given plane and determining the type
of the section.

2. Performing the necessary calculations to find the answer to the problem (for example: finding
the area of the section, the relationships between the edges of the polyhedron, or its volume, etc.).

In [6, p. 157-174], these questions are described in detail. The following problems will
illustrate the idea of solving problems related to the sections of a polyhedron by a plane.

Problem 4. Construct the section of the pyramid ABCS by the plane «, which passes
through points D and E, lying on edges AS and BS, respectively. The points divide the edges in
the ratio SD:DA =SE:EB=1:2, and the plane is parallel to the edge SC.
Determine the type of the section.

Fig. 20

Solution:
1. We connect points D and E, since the intersection of plane (SAB) with «a is the segment DE.
2. Next, we construct the intersections of plane (BSC) with a, which gives segment EN, and of
plane (ASC) with a, which gives segment DM, where EN || SC and DM || SC.
3. We then connect points M and N, since the intersection of plane (ABC) with a is the segment
MN.
4. The quadrilateral DMNE is the required cross-section.
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5. We examine triangles AASB~ADSE, because they share angle « S e, and the ratios % =
SB

S8 _3 50 DE || AB.
SE 1

6. Since AB || DE and «a passes through DE, it follows that AB || a. From this, it follows that
MN || AB. And since MN || AB and AB || DE, we conclude that MN || DE.
7. Also, since DM || SC and EN || SC, then DM || EN.
8. Therefore, the quadrilateral DMNE is a parallelogram.
Problem 5. Construct the section of a regular triangular pyramid ABCS by a plane p,
which passes through the base edge BC and is perpendicular to the lateral edge SA.
Determine the type of the section.

Fig. 21

Solution:

In the regular pyramid ABCS, the lateral faces SAB and SAC are congruent isosceles
triangles, which implies that SA = SB = SC. Therefore, the altitudes from vertices B and C in
these triangles intersect at a common point N, which lies on SA, i.e., N € SA. Since SA L NC
and SA L NB, it follows that SA L (BNC).

Given that ASAB = ASAC, we also have BN = CN. Thus, the triangle ABNC is the
required cross-section, and it is isosceles.

Successfully solving this problem relies on knowledge of fundamental geometric principles
and the ability to apply planar geometry techniques.

One of the cognitive methods that can contribute to the development of spatial imagination
and thinking is comparison. It is well known that comparison reveals both the similarities and
differences between the objects being studied. This method can help deepen students' reasoning.
In this way, the results obtained are more easily understood and remembered.

We will illustrate this by comparing a right circular cylinder and a cone. When studying
them, attention should be paid to the fact that:

— Both the cylinder and the cone can be formed by rotating a figure;

— There are elements common to both the cylinder and the cone, but there are also

elements unique to each of them;

— In both the cylinder and the cone, a cross-section can be constructed through two

generatrices.

After becoming familiar with the elements of the cylinder and the cone, the following task
can be given.

Problem 6. Which of the cross-sections passing through two generatrices of a cylinder has
the greatest area?

Here, students can easily recognize that the correct answer is the axial (or central) cross-
section.

This type of task becomes more engaging when considering the cone, specifically:

Problem 7. Which of the cross-sections passing through two generatrices of a cone has the
greatest area?

A possible answer here could be: The cross-section with the greatest area will be the axial
cross-section, if the angle between the generatrices in the section is right or acute.
However, if the angle between the generatrices is obtuse, then the maximum area is achieved in a
non-axial cross-section where the angle between the generatrices is right.
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Students can be given an assignment to compare the volumes of a cylinder and a cone, if
the radii of their bases are R, and their heights are H.

The answer that students will reach is that V,,,; = 3.V,,n.. This result does not depend on
the particular characteristics of the cylinder and the cone.

In addition to these two problems, the following task could also be given:

Problem 8. Compare the lateral surface areas of the cylinder and the cone, if the radii of
their bases are equal to R, and their heights are H.

The answer is that S¢,,. = Sy, if the angle between the generatrices in the axial cross-
section of the cone is 120°. In all other cases, Scone # Scyi-

Further exploration with students can continue by posing the question: Is it possible for
Veyr = 3.Veone, given that the radii of the bases of both figures are R, and their heights are H?

Students' reasoning would proceed as follows: Assume that Ve,; = 3. Veope, i.6., 2TRH =
3mRI. Then, H = 1,51, which implies that H > [, which is impossible.

In this way, students in their activities can see how comparison facilitates their reasoning
and helps them to notice properties of the figures that were previously unnoticed.

Conclusion. By integrating such methods into daily teaching practice, educators can foster
students’ spatial imagination in a structured and meaningful way. This not only enhances
students’ understanding of geometric and mathematical concepts but also contributes to the
development of broader cognitive skills such as problem-solving, logical reasoning, and abstract
thinking. As spatial reasoning is a strong predictor of success in STEM disciplines, its purposeful
cultivation equips students with essential tools for navigating complex tasks in science,
technology, engineering, and mathematics. In conclusion, prioritizing spatial imagination in
contemporary education creates the foundation for developing a generation of learners who not
only possess strong mathematical skills, but also demonstrate flexibility, creativity, and the
ability to tackle the challenges of a dynamic and technology-driven world.
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el N =

Boiikina /I. Po3BuTOK NIpOoCcTOPOBOi YSIBU B MaTeMaTH4Hill OCBiTi.

YV yiu cmammi O0ocnioxcyemvcs nHuska eghexmusHux nioxooie ma cmpameziti po36uUmMKy
NPOCMOpPOBOI V68U 8 YUHI8 y KOHMEKCmI MamemMamuyHoi oceimu, 30kpema 3 5 no 12 xnac.
Ilpocmoposa yasa — 30amuicms nOOYyMKU 6I3yanizyeéamu ma Mauinymosamu o0’ ekmamu ma
IXHIMU 83a€MO38 ’A3KAMU 8 NPOCMOPI — € DYHOAMEHMATLHUM KOMHOHEHMOM MAMeMamuyHo2o
MUCTeHHs. ma eupiulenHs npobaem. Bowa eidiepac dcummego 6axciusy poiv He jauule 8
eeomempii, ane U 6 aneeopi, mpuecoHomMempii ma peaibHux 3aCmMoCy8anHX, MAKUX K IHXHCEHepIs,
apximexkmypa ma komn romepna zpaghika.

Y cmammi niokpecnoemucs  easxciugicme po3eumKy npocmopo8oco MUCTEHHA HA PAHHIX
emanax akademiyHo20 po36UMKY YUHi6 ma npeocmasiieHo Pi3HOMAHIMHI Memoou CMUMYII08AHHS MA
3MIYHEHHS Yi€i KOCHIMUBHOI Hasuuku. /o HUX Hanexdcamv LIIOCMPAmuGHi NPUKIaou, NUMAHHSA, Wo
CHOHYKAomb 00 po30ymis, ma npoOieMHi 3a80aHHS, PO3poONeHi Ol 3A0XOYEHHS Gi3YAIbHO2O
MUCTIeHHS, aOCMPAKMHO20 MUCIEHH ma 30AmMHOCHI NO08 S3V8amu pPi3Hi MameMamudti NOHAmmsL.
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Ocoobnusa ysaea npuoiniemscs npooiemam, wo nepeddadaoms pooomy 3 mpusuUMIipHumu Qicypamu,
00C0AHCEHHS NPOCMOPOBUX NEPEMBOPEHb A ITHMEPNPemayito CKIA0HOi 8i3yanbHol inghopmayii.
Knrouoei cnosa: npocmoposa yssea, npocmopoge MUCIEHHs, NPOCMOPOSi HABUYKU,
sUpiweHHs npobem.
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IJISIXYW PO3BUTKY KA®EJIPU IPUPOJHUYOI' O ITPOPLIIO
SIK BA’KJIMBOI KOMIIOHEHTH MEJIUYHOI OCBITH

Ipupoonuui  Oucyunninu  8idicparoms — KIOY08y poib Y (PopmysaHHi — haxosux
KOMNemeHmMHOCmell MauOymHix 1iKapié i € Hesi) €EMHOI0 CKIA008010 cCUucmemu MeOuyHoi 0ceimu.
Onanysannss ~ NpUpOOHUYUX — mMA  CYMIJICHUX — HAVK — 3a0e3neyye  cmyOeHmie-meouxis
@yHoamenmanbHuMU 3HAHHAMU PO OYO08Y I (DYHKYIOHY8AHHS OP2AHIZMY JIOOUHU )Y HOPMI I npu
namonozisax, npuxyunu Oii JIKApcoKux 3acobie ma ocHosu oOiacHocmuunux mexnonoeit. Came
NPUPOOHUYO-HAYKOBA NIO20MOBKA CMBOPIOE DA3UC OISl C8I00MO20 ONAHYBANHHS KIIHIYHUX OUCYUNTIIH,
a HanpAMKU IHGOPpMAaYiiHUX MeXHON02Il 3a0e3nedyromy CyuacHull pigeHb YUpposoi 2pamomHoCmi.

Y ecmammi nazonowryemuocs na eascnueocmi nocmitino2o po3eumky Kageop npupooHuUL020
npoginio, aoanmayii 3Micmy Ha84aHHs 00 CYYACHUX OOCACHEHb MeOUYHOI HAYKU, a MAKOdIC Ha
nompe6i mixcoucyuniinaproi inmeepayii. Cyuacna meouuna oceima nompedye He Juuie
BUCOKOAKICHO20 BUKIAOAHHS 0A308UX HAYK [ SHYUKOCMI MemoOié HAGUAHHA, a U AKMUBHO20
3anyyenHs 3000y6a4ie ocgimu 00 HAUPIZHOMAHIMHIWUX 6Udi6 JisinbHocmi. Takuti nioxio cnpuse
ni020moesyi 1ikapié HOB020 NOKONIHHIA — KOMNEMEHMHUX, 2HYUKUX, OPIEHMOBAHUX HA IHHO8AYI]
ma 20moeux 00 HenepepeHo20 NPoghecituno2o po36UMKY.

Mema Oocnidocenns nonseae y GU3HAYEHHI MOMNCIUBUX UWLIAXIE PO3BUMKY Kageopu
npupooruyoco npogino y meouunomy 3BO y cucmemi meouunoi oceimu Ha npuxiadi
@yHryionysanns Kagheopu meouunoi ma 6ionociuHoi Gisuku i meouyHoi iHopmamuxu
bykosuncvroco deparcasnozo meouunozo ynisepcumemy. Ilpoananizosano Hanpsamku OisibHOCMI
Kageopu 3a ocmanui decamo poxkie (2014-2024 pp.).

Biosnaueno  ocnosny idelo  cmeopeHo20  HABYANLHO-MEMOOUYHO20 — KOMMAEKCY ——
oeMoHCmpayis. NPUYUHHO-HACTIOKOBUX 38 ’513Ki8 Y Maubymuil ¢haxosiu OistbHocmi 3000y6aya
Mmeouunoi ocsimu. Kpim yvoeo, akyeHmosano Ha 8axcIuoCmi po3gUmKy makux 8uoié OisibHOCHI,
AK HAYKOBO-NONYIAPHI NYONIKayii, CMEOpeHHs HABYANbHO20 BI0€OKOHMEHMY, yuacmb 3000)6auie
oceimu 8 pobomi Haykosux cypmkie ma iH. IliokpecieHno, 6axciugicmos npoeoeHHs. memMamuyHux
HAYKOBUX KOH@hepeHyitli 3 NpUpoOHUYUX HAYK OJisl BUCBIMIEHHS MEOPEeMUYHUX I NPUKIAOHUX 00Cse-
HeHb YUX HAYK 3A0JI51 PO3BUMKY MEOUYUHU MA CIBOPEHH MINCOUCYUNTIHAPHUX HAYKOBUX BUOAHD.

Tlepcnexmueu no0anbuwux HayKo8Ux 00CII0NCeHb NOAAAIOMb Y QOCHIONCEHHT 20MOBHOCI
3000y8auie oceimu Ypi3HOMAHIMHIO8AMU 1 NO2AUOII08AMU HANPAMKU CBOEI pobomu Ha
Kageopax npupoonuyo2o npoginio.
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